The mode locking dynamics of a diode-pumped thin-disk laser oscillator with an active multipass cell operated in ambient atmosphere was studied numerically. The numerical results are compared to experimental results of a passively mode-locked thin-disk Yb:YAG laser with several megahertz repetition rate, sub-picosecond pulse duration, and> 10 JW pulse energy. The numerical simulations prove that the soliton area theorem predicts a correct pulse duration when considering an average pulse energy inside the oscillator. Furthermore, they show a variation in the full width at half-maximum pulse length for the pulse that propagates within the oscillator. This oscillation shows a behavior that is contrary to a change in the pulse length given by the soliton area theorem when considering the real pulse energies at respective points in the resonator. The "breathing" is caused by the strong influence of the self-phase modulation of the ambient atmosphere and large amounts of dispersion resulting in a deviation from the sech 2 pulse shape and a chirped pulse.
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INTRODUCTION
Ultrashort laser pulses in the microjoule regime are of prime importance for a variety of applications, including high-speed micro-machining [1] , pumping of optical parametric oscillators, as well as basic research, e.g., in highfield physics or for the generation of intense terahertz pulses [2] [3] [4] [5] [6] . As compared to oscillator-amplifier configurations [3, 7] , ultrafast oscillators are very attractive due to their simplicity and compactness. To some extent microjoule pulse energies from an oscillator can be obtained by using extended resonator cavities [5, 6, 8, 9] or by cavity dumping [10, 11] . In order to reach high average powers together with high pulse energies, a thin-disk (TD) laser crystal is the medium of choice [12] , allowing for true power scalability by increasing the beam size and exploiting the excellent cooling properties of the disk. However, the relatively low gain of a TD laser and the resulting high intra-cavity powers have to be overcome. Previous pulse energies obtained directly from an oscillator in ambient atmosphere were limited to energies below 2 p;J caused by the strong self-phase modulation (SPM) of air [13] . Higher pulse en(lrgies were obtained in a He-flooded cavity with pulse energies of 11 p;J [5] at sub-picosecond pulse lengths. Another way to decrease the SPM is to use larger output-coupling (OC) rates in combination with a high-gain medium.
Recently, we have reported on a laser oscillator with multiple passes through the gain medium by the use of an active multipass cell (AMC). The cavity setup is shown schematically in Fig. 1 [14] . External pulse energies of up to 25.9 p;J [15] have been achieved with OC rates of up to 78%. In general, the mode locking mechanism of laser oscillators is very well understood numerically and for some laser geometries also analytical solutions can be found [16] . However, to our knowledge, no analysis of a solitary mode-locked laser oscillator with large OC rates and highly dispersive and nonlinear elements has been performed so far. Numerical analyses of cavity-dumped systems [17] or mode-locked fiber lasers [18] are similar to the analysis of a laser with an AMC; however, no detailed analysis has been performed for comparable parameters so far. Because of the large OC rates the approximations made in the Haus master equation of mode locking are not applicable. Hence, we have performed a detailed numerical analysis of the mode locking behavior of a laser geometry similar to that reported in [15] . Here, detailed results from numerical simulations of the evolution of the electric field within the resonator are being reported.
This paper is organized as follows: After a brief description of the laser setup and the details of the numerical simulation in Section 2, the parameters for simulating the experimental results presented in [15] are discussed (Section 3); In Section 4, a modified soliton area theorem for large OC rates [15] is proposed and proved by the simulation. In. Section 5; the pulse dynamics of a laser with an AMC is described, showing an oscillation in FWHM pulse duration within every round trip. 
NUMERICAL SIMULATIONS
Because of the large OC rate, the linearizeo. Haus master equation of mode locking [16, 191 (2) where T represents times large compared to the pulse duration; N* is the number of passes through the gain medium (in this case it is 2 for every action of the operator); 'YSPM is the SPM coefficient; D2 is the amount of dispersion; Wg is the center gain frequency; and AWg is the gain bandwidth given by (Aw L I2· hlgo/g(T), where AWL is the inherent amplification bandwidth of the gain medium and go is the small signal gain. The operators 0; have been applied on thll electric field v in the time or frequency domain analogous to the split-step Fourier method [201 implemented within a Matlab environment.
Furthermore, the gain geT) and satu:rable loss let) were numerically calculated according to the common rate equations,
where 7 'elf corresponds to the effective relaxation time of the gain medium; go to the small signal gain; 10 to the saturable losses; Esat,gll to the saturation energies of the gain and loss media, respectively; and 7'{ to the relaxation time of the saturable absorber. Acting on the electric field in the frequency domain, the gain geT) was taken as constant for one pass of the pulse over the gain medium, a reasonable approximation for a TD solid-state gain medium.
Additionally, the small signal gain and the saturation energy of the gain medium were calculated numerically by using a rate equation for the gain and laser intensity with an inversion parameter, (5) averaged over the disk with a Gaussian intensity distribution of the laser mode and with a super-Gaussian intensity distribution of the pump mode. Here, the various (rs are the corresponding emission (em) and absorption (abs) cross sections for pump (P) and laser light (L), 7'f is the fluorescence lifetime of the laser medium, and hils are the photon energies for pump (P) and laser light (L). The pump distribution of the experimentally realized laser was measured with a camera based system, showing good agreement with a super-Gaussian intensity distribution of eighth order. The intensity of the pump and laser mode, given by summing over all intensities of the respective beams incident on the gain medium within one round trip,
was taken as constant in the direction of propagation through the TD and the spectroscopic data of ytterbiumdoped yttrium aluminum garnet (Yb:YAG) was used. The small signal gain and saturation intensity were first determined according to the measured output power for continuous wave (CW) laser operation, which were assumed to be the same for the mode-locked case. Very good agreement between the simulation and an experimental Rigrod type analysis [21] , i.e., efficiency over the OC rate, for four passes through the AMC was found. Performing a real Rigrod analysis [21] showed a slightly different efficiency curve because this kind of analysis does not include any saturation effects of the pump absorption. However, when setting the pump light absorption in the simulation constant the simulation was perfectly proved by a Rigrod analysis [21] , showing not only the same efficiency curve, but also resembling exactly all obtainable parameters. In Fig. 3 the efficiency over the OC rate is shown for a TD laser comprising an AMC with 4-60 passes per round trip (four passes through the TD correspond to one pass through the AMC). OC rates of >70% at high efficiencies are easily available for a large number of passes through the TD. In the simulation a constant loss of 0.6% per pass through the AMC, a TD similar to that used in the experiments, a Gaussian laser mode width of 0.95 mm, and a super-Gaussian (n = 8) pump mode width of 1.05 mm were used. The pump power was absorbed at absorption rates of 70%-80% within 20 passes through the TD.
SIMULATING THE EXPERIMENTS
Simulations have been performed to predict the mode locking of the laser with 11 passes through the AMC as presented in [15] . The parameters used to simulate the mode locking of the laser according to Eq. (1) and the resulting data are listed in Table 1 .. Pump powers in between 80 W to 165 W with a step size of 5 W were simulated. Only the results for the lowest and highest pump powers are shown in Table 1 . As presented in Fig. 2 of [14] , good agreement between experimental and simuoutput coupling lated data was found. As fit parameters, the actual GDD and the third order dispersion were adjusted for best agreement (see Fig. 5 in [15] ). As a starting fit parameter for all simulations, the mirror loss was adjusted until an agreement between simulated and experimental output powers was given for the applied pump power. For all further simulations with less pump power the loss was taken as constant. A resulting loss of 22%, corresponding to a loss of =0.15% per mirror bounce, is in accordance with a reflectivity of =99.85% for the highly dispersive chirped mirrors (HDCMs) providing most reflections and considering further loss caused by the A/4-wave plate or semiconductor saturable absorber mirror (SESAM).
Simulations of the pulse shaping in the laser cavity starting with an arbitrary sech 2 pulse resulted in stable mode locking for pump powers in between 80 and 165 W and parameters as in Table 1 . Similar to the experimental results, for pump powers below 80 W Q-switching was observed in the simulation and for pump powers larger than 165 W double pulses occurred.
DECREASING THE OC RATE
In order to investigate the influence of the OC rate on the pulse dynamics, simulations with constant internal energy, i.e., before the output coupler, and decreasing OC rate have been performed. Without coupling out the soliton exhibits parameters that agree with the soliton area theorem [22] ,
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YspMEp,int (7) with 132 representing the amount of the GDD, YSPM the SPM coefficient, and Ep,int the internal pulse energy. For large OC rates, however, the soliton area theorem is not the right choice for approximating the pulse length of the generated pulses, because the pulse energy inside the resonator is not constant within one round trip. A modification of the soliton area theorem, using an average pulse energy inside the cavity by assuming an exponential increase in the pulse energy with an external pulse energy of EP,ext> is given by [15] Tp= -1.76· 2!132!ln(l-OC)
YSpMEp,ext (8) The resulting pulse duration for various amounts of OC rates is shown in Fig. 4(a) , together with the results from the numerical simulations. The parameters that were different compared to those in Table 1 are listed in Table 2 . Simulations were performed at OC rates between 0% and 64%, while keeping the internal pulse energy constant. Only results for the lowest and highest OC rates are listed. The total mirror loss per round trip was decreased in this simulation to only 2% in order to simulate a nearly unperturbed soliton for zero OC rate. In Fig. 4(b) the spectrum for the various OC rates is shown. Due to the temporally shorter pulses, the spectral width increases with decreasing OC rate. For zero OC, stable soliton propagation was observed with a constant pulse duration of the soliton while propagating through the laser cavity. While for large OC rates Kelly sidebands are visible in the spectrum, they disappear for zero OC.
PULSE DYNAMICS WITHIN ONE ROUND TRIP
For large OC rates and operation in ambient atmosphere the FWHM pulse length of the soliton was found to oscillate within each round trip as shown in Fig. 5 . This effect was found to be especially strong for sub-picosecond pulses. According to the soliton area theorem an increase in the pulse length is expected after the output coupler because of the decrease in the pulse energy. Such a behav-"' ,e.l.l ior was observed when simulating an unperturbed propagation of this soliton after the output coupler without any gain and loss, but otherwise similar parameters as they exist within the laser. However, in the simulation of this laser a decrease in the pulse length was observed instead. In Fig. 5 (a) the FWHM pulse length oscillation is compared to the calculated pulse length according to the soliton area theorem considering the pulse energy, the GDD, and the SPM within every section of the oscillator. The specific parameters used in the simulations are listed in Table 3 . Because of the stronger effect for shorter pulses and the availability of materials with larger bandwidths [23] , a gain material with about three times larger bandwidth was used in the simulation, resulting in a FWHM pulse length of 600 fs. As we used at maximum 13 passes through the AMC with an OC rate of 80% in previous experiments [15] , the simulation was carried out accordingly.
Five specific points at positions of 13.1,22.9,32.7,55.6, and 88.3 m have been highlighted. These positions were chosen because of being unique either geometrically or because of their corresponding pulse parameters. The first is located right behind the output coupler, the second has the shortest pulse duration, the third is showing a turn- ing point in the FWHM pulse duration, the fourth has the largest amount of pulse duration, and the last position is right before the output coupler. In the following, the properties of the pulse at these positions in particular will be discussed or highlighted in the remaining figures for a detailed understanding of the pulse dynamics within the oscillator.
In Fig. 5(b) the change in the FWHM pulse duration for one complete round trip is plotted together with the actual pulse energies within the resonator. The change in the FWHM pulse duration is caused by two reasons. First of all the pulse experiences a chirp and second the shape of the pulse deviates from that of an ideal sech2 pulse. The chirp is simply caused by a mismatch of the SPM and GDD at different positions within the resonator. The local B-integral per section, being a measure for the SPM, is shown in Fig. 6 (a) together with the local GDD per unit length. The GDD is constant for the total length of the resonator because of the choice of self-similar GDDmirrors. For a linear cavity as considered here, it is gen- erally not possible to introduce a different amount of dispersion acting on the pulse on its way from the output coupler to the opposite end mirror, compared to the dispersion on its way back to the output coupler. However, due to the exponential increase in the pulse energy, this is the case for the amount of the SPM.
In Fig. 6 (b) the group delay is plotted for all five points mentioned before. A strong positive chirp is visible for the pulse situated around the output coupler at 0 and 88.3 m. On the contrary the chirp at a position of 55.6 m is negative and even vanishes at about 22.9 m. This behavior can be easily explained by the predominance of the GDD within the first part and the predominance of the SPM within the last part of one round trip as shown in Fig.  6(a) .
Even though the chirp varies at positions of 0 and 22.9 m,. the FWHM pulse duration at these positions is similar. Since the spectral width remains constant for all positions within one complete round trip, this can only be explained by a varying pulse shape. In Fig. 7(a) the residual of the temporal pulse trace when compared with an ideal sech 2 , is shown. The residuals at all five specific points have been plotted in detail in Fig. 7(b) . Here one can see a deviation of the pulse shape at 0 m from an ideal sech 2 , having an elevated peak, but stronger wings at both sides, which is opposite to the pulse shape deviation at 22.9 m, showing a "more Gaussian-shaped" peak. The pulse length evolution for a similar cavity setup but pulses with less external energy and picosecond pulses is qualitatively the same; only the variation in the pulse length is much smaller (only up to 0.4% change for pulses with 1200 fs duration and 16 ,.w energy).
The deviation from the real pulse length compared to that according to the soliton area theorem as shown in Fig. 5(a) is therefore caused by the interplay of gain, GDD, and SPM within the laser. When "switching oft" all gain and loss elements in the simulation right after the output coupler, the soliton ultimately increases its width slowly within multiple round trips until agreement with the pulse duration as given by the soliton area theorem is established. Since the spectral bandwidth remains constant for the pulse while propagating through the cavity, the time-bandwidth product (TBP) evolves similar to the pulse duration during one round trip.
Experiments have been performed proving this oscillat- ing behavior of the pulses inside the cavity. However, experiments were only performed for picosecond pulses with rather small changes in the pulse duration. Simulations have been performed for different relaxation times (starting from some hundred femtoseconds to 10 ps) of the SESAM; no major differences in the pulse shaping dynamics were observed. However, the modulation depth of the SESAM had strong influence on the achievable pulse lengths, which were limited by the observance of instabilities, e.g., double pulses.
RESULT AND CONCLUSION
We presented detailed numerical results on an unamplified solid-state laser oscillator comprising an active multipass cavity while being operated in an ambient atmosphere. The numerical simulations of the electric field evolution within the cavity showed (i) very good agreement with experimental results, (ii) stable soliton propagation for zero output-coupling (OC) rate, (iii) agreement with a modified soliton area theorem for large OC rates, and (iv) oscillation in FWHM pulse duration within each round trip for large OC rates.
Knowledge of this oscillating pulse dynamics is important for understanding possible deviations from an ideal sech 2 pulse shape and a chirped pulse output. This is also essential for optimizing a laser oscillator with an active multipass cell (AMC) for the generation of sub-picosecond pulses at large pulse energies. The pulse length dynamics that has been described here might be even stronger for additional cavity elements such as a Herriott cell, for example, due to a stronger asymmetry in the SPM compared to that mentioned here.
